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CRITICAL STRESS OF RING-STIFFENED
By MAXUELSTEIN,J. LYELLSAXDERS,Jr.,

CYLINDERS IN TORSION

and HAROLDCRATE

SUMMARY ,

.-l chart in terms oj nondimensional parameter8is pre~ented
for the theoreticalcritical stress in torsion of simply supported
cylinders stiffened by iden.ti”calegually spaced m“ngsoj zero
torsional stijkew 17ie results are obtained by .solring the
equation oj equilibrium by meam of the (7alerkin method.
Comparison oj th~ theoretical reswltawith experimental results
indicates that ring-sti$ened cylinders buckle, cm the arerage,
at a buckling stressabout 15 percent belowthetheoreticalbuch%~
813’es8.

INTRODUCTION

One of the probIems that confronts the aircraft. designer is
that of predict% the strength of stiffened aheII structures.
The stress conchtlons to which such structures are subjected
me shear arising from transverse Ioads or torsion and com-
pression arising from longitudinal loads or bending. As an
approach to the genera-lprobIem2 the case of shear alone -was
chosen for investigation.

For unstifkwd cyli.ndem, reference 1 shows empirically
that the buckling Ioad in transverse shear is related to the
buclding Ioad in torsion; therefore, the present investigation
was restricted to torsion aIone. Because the cliagonal type
of buckles thati form in the walls of an unstiflened cylinder
in shear or torsion would be more effectively resisted by
circumferential st Miners than by longitudinal stiffeners, the
particular problem of riq-stiffened c~Iinders in torsion ~as
chosen for study. The present report presents the theoretical
and experimental results of that study.

SYMBOLS

L
()sttiener spacing —,n+l

integers
number of stiffener rings
radius of cylinder
thickness of cylinder skin
dispIacemenh of point on middle surface of

cylinder in radial direction, positive outwarcl
a.xkd coordinate
circumferential coordinate
elements of a determinant

flexural stiffness of cyIinder skin ( ~~(~~Pq)

Young’s moduhis

Poisson’s ratio
effective cross-sectional moment of inertia of

stif’tener ring
length of cylinder

=’~’~arame+’=o
coefficients in deflection function

(’)
T.,~L-

critical-shem-stress coefficient —$D

EI
()

ratio of ring stiffness to pIate sttiness —Dd
Dirac deIta defined such that

J:’j(z) ~(z–id)dz=j(id)

IIronecker deIta (~ij= 1 if i=~ 6,,= Oif i#~]

6..,= &&in-#+1~

A haIf wave length of buckles in circumfer-
ential direction

T~r criticaI shear stress

b-y
V-yww) =Vyv-%?)= w

RESULTS AND DISCUSSION

When the critical-shear-stress coefficient k, for a ring-
stitTened cylinder in torsion is known, the critical shear stress
T= can be found by the forrmda

*D
‘cr=~~ ~

.

where r,, is related to the total torque T by the formula

T——
“r-2n-r%

Details for the theoretical solution for the crit,ical-shear-
stress coefficien&k. of a rhg-stiffened cylinder in torsion are
presented in the appendi~. The equation of equilibrium of
cylindrically curved pIates (references 2 and 3) was altered
to include an additional term thah represents the bending
stiftness of the rings (reference 4); the equation was then

693



694 REPORT 98%NATIONAL A~VISORY C!3MMHTEEFOR-”AERONAUTICS

solved by means of. the Gzderkin method (reference 5) for
the buckling-stress coefficien~k.. TIM equation of equilib-
rium used applies to a wide range of curvature from the
limiting case of a flat plate to a slender tube which may buckle
into as few as three waves in the circumferential direction.
The limiting case of a tube knucklinginto two waves (buckling
into an elliptical cross section) was not considered, since the
equations give unconservative results in this range and the
dimensions for such stiffened shell structures are not ordi-
narily encountered in aircraft design.

The ring stiffeners are assumed to have no torsional stiff-
ness and to act along a line in the median surface of the plate.
The assumption of zero torsicmal stiffness usually applies with
lit tle error when open-section stiflene~s are used. Th~. as-
sumption that the stiffeners may be comidered to act along
a line is applicable when the width o~.the attached flange is
small in comparison with the .stiflener spacing. The assump-
tion that the stiffeners act tit the median surface of the plate
is applicable when the attached stiffe,uem are symmetrically
located with respec~ to the meclian surface of the plate,

1“
A(umber of rhg stiffeners

I
2./(74

otherwise the msuInpt ion is conservative.
Table 1 gives calculated theoretical WIIUCSfor the wit icnl-

shear-stress coefficient and the corresponding vahux of stiff-
ness rat io and wave-length ratio for ring-s t.ifikmcdcylimicrs
in torsion. Figure 1 is based on ~he cahxdatcd vnlues given
in table 1. The critical-shew-stress coefficient is given in
figure 1 as a function of the curvature pnrnmetw Z, thr
number of rings, and W ratio of ring stiffness to the plate
stifbss Y. Figure 1 shows that, with incrcrwing ring stifl-
ness, the buckling s~ress of a ring-stiffened cylimk will in-
crease appreciably up to a limit that depends w the number
of ring ‘stiffeners present. These upper limils are rcprcscnt (Id
by the horizontal cht-off lines in figure 1 rmd cosrcspond w
buckling with u node at t.hc stiffened%. Below the limiting
values, the buckling-stress coefficient k~ of a cylinclw with
two.or more rings is essentially independent of h numbw of
rings pr~e.nt. The vnlues of 1.-,for 2=0 are those gi~rcnby
reference 6 for longitudinally stiffened infinit dy long flu1
plates in shear. The values of k. for Y=O arc those given
by reference 2 for unstiffened circular cylinders in (orsion.
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FIGCRE2.—Theoretical critical-strms mllicfents of r?.riny-stifimed cylinder in torsion.
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TABLE 1.—CRITTCAJJSHEAR STRESS COEFFICIENTS AND
CORRESPONDING VALUES OF STIFFNESS RATIO AND

WAVE-LENGTH RATIO FOR RING-STIFFEN’ED
CYLINDERS IN TORSION

n=l n=2

k,

21
15
10
21.5
17
12,

m. 5
21
15

46

:

216
190
liO

Uio
1100
950

‘1’ B
— -

1s7.4 0.325
47.Q
7.71 :%

33.4 .5%
20_: .71

.2Q

a 26 L%
2.37 1.66
.49 L 75

!L79 3.13
1.14
.36 M

.92 6.33

.2s9 6.36

.16 6.25

.W 12.75

.4LM

.120 R%

n=3

z k,
— —

5 42
g

10 48
32
m

24 51
40
25

w 66

z

w 257
215
130

1(Y 14131

10MI

—
z
—

5

10

24

KS

MY

NY

—

n-m

k.

S+5.2
55
2s

g2

25

S5.2

:

100

E

3ZI
ml
200

:Z
llIJI

7

3#&l

‘647.Ss

17,726
3,164

ML 71

649
122.2
17.I

!26_3
13.3s
2.50

~.

.n

L 37
I. 175
.541

0.073
.12
.%4

.15

.23

.4%5

.55

1::

20

k:

5.5
6.0
6.0

11.0
11.0
lL4

7

aw s
m. 1
2i.67

040.9
m. o
22.Oc
3s. o
16.2
3. Is

2.97
LKI
.551

.050
; 3&5

.4926

. m5

.1090

B

&M
.21
.42

.265

.285

.59

.91

kE-
%60
2.54
2.75

6.@l
6.Ill
6.10

UL.56
lL 75
11.70

..”

For the experimental check on the theory, data were ob-
tained on five cyIinders with enough different ring stiffeners
to make fifteen combinations. The nominal cross-sectional
dmensions of these stiffeners are given in figure 2. The
e.xpcrimental resul ts me given in table 2 in terms of the param-
eters Z, -y, T.,, and k.. & indicated in the table, data for
4 of the combinations obtained from one cylinder are taken
from reference 7. Data are given in table 2 for 11 additional
combinations obtained from 4’ additional cylinders, the re-
sults of which heretofore have not been pubIished.

Comparison of the experimental and theoretictd results
presented in figure 3 re-reals that the ring-stiffened cyIinders
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FIGUEE2.—Niomfneldirxie~.ions ofring stiffeners of eylindem tested. (One-efded ring
stiffeners are Ioeated on inside OfcyHnder.)

buckled at a stress about 15 percent beIow the theoretical
values of buclding stress presented in this report. In ref-
erence 2, a comparison between theoretical and experimental
results indicated that simply supported unstiffened cylinders
buckle at stresses averaging abou~ 10 percent below the
theoretical critical stress. Since this reduction, which is based
on a large number of tests .on unstifTened cylinders, is of ihe
same order as the reduction indicated from a~pernmen~ on
ri~-stiffened cylinders, a reasonable conclusion is that ring-
st~ened cy!inders iR torsion buckle on the average about 15
percent below the theoretical critical stress calculated by the
present method.
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TABLE 2.—EXPERIMENTAL RESULTS GIVEN IN TERMS
OF THE PARAMETERS OF THE PRESENT THEORY

[Nominal dimensions of eyfindcrx ZA3 in., r=15 in., t=O.032in.; dimensions ofring
stiffeners are given in lignre 2]

z 7
- —

3490
3450 12:
343)0 61.2
34W” 122.4
3500 254
3560 6.12
30C4 :.
300Q
3N)0 53.4
3670 61.3
;= :::9

3590 14.2
359LS
3690 i%

(%)

-

k.

526)
606

E
476
532
S04
4’79
443
003
417
446
709
657
700

$..=...;

Z“3,550
b

[ I I I I I II

~ ——— ——
b b“ti

COMMITTEEFOR AERONAUTICS

CONCLUDINGREMARKS

A cylinder in torsion can be apprccinbly strcngthcwd by
the use of ring stiffeners. Up to”certain limiting values, the
buclding-stress coe.f?icient for a simply support cd cylinder
stiffened with two or more identical equally spacccl rings of
zero torsional st tiness is essentially independent of the numb-
er of rings present and dependent only on the mtio of ihu
ring stiffness to the plate stiffness. Comparison of [110prcs-
ent theoretical results with esperimcnt al results indim lW
that ring-stiflened cylinders buckle, on [110 average, nt. m
buckling stress about 15 percent below the theoretical lmck-
ling stress obtained by the present mcth.1. l>ropcr account
should. be taken of this difference if the theoretical results
are used for design purposes.

LANGLEYAERON.4UTICAL~.4BORATORY,
ATATWSNALADVISORYCOMMITTEEFORAERONAUTICS,

LANGLEYFIELD, }rA:, S@tember 14, 1949.

<:
—.

..
—— 7

.F
.——————

b
-% x;———..—

Q.
0

I

*
.,

I 3 7 Number of rings

Chonnel sec r’!on
~. .. .. On one -s[de,.

Solid section
bhA Onone side
Q@ On both sides

I
I. ..

..
1 I I I1 I II I I I I r I I

o .1 / 10 /o.e

Rotio of ring sfif fness fo .QJo*e” sfif fness, T . .

Fro L’RE 3.—Comparison oftheoretfed curves with experimental results for the critical stress of ring. stiffened cyIinders in tor9ion.



APPENDIX
THEORETICAL SOLUTION

The critimd shear stress at, -whichbuckling occurs in a ring-
stif%med cyhndrical shell may be found by sol-ring the
equation of equilibrium.

Equation of equilibrium,-The equation of equilibrium of
a ring-stiiTened cylinder in torsion with small radia~ displace-
ments is

(Al)

in whkh x is in the asial direction and y is in the circum-
ferential direction. This equation is the equation of
reference 3 for torsion of a cyhnder -with the third term
added to represent the radial restoring force due to the
bending stiffness of the stiffeners. (See reference 4.) The
stiffeners are assumed to act in the median surface of the
cylinder and to have no torsional rigidity.

After division by D and introduction of the relations

equation (Al) becomes

(A2)

This equation of equilibrium may be sol-red by the GaIerliin
method in a manner similar to that of references 3 and 5.

Solution for simpIy supported cylinders with equa.lIyspaced
ring stiffeners.-The solution in this case is given by I&e
infinite series

in -which the coefficients am and bm are to be determined.
When this series is substituted in the equation of equilib-
rium, the Galerkin method .yields the following two sets of
equations to determine the coefficients:

where

p=:

n is the number of stiffeners

p+m is odd

. ..=+1 if p–g is a multiple of 2(n+l)6

6.,,=—1 if p+g is a multiple of 2(n+ 1)

=PC=Oif neither or both are true6

(A4)

(p=l,2, . . .)

These equations are consistent if l~t,[, the determinant of the
coefficients, vanishes

lA*j\=o (A5]

The det erminantal equation (A5) gives the criterion for.
buckling where the elements of the determinant are

where ~fj is the ~ronecker delta. The last term of equa-
tion (A6) is zero unless i+j is odd.
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Sixth:order determinants for the cam-n = 1,2,3, and coare given in the following equations. l’he case n= 1 corresponds
to one ring sti.tlener, the case n= 2 corresponds to two ring stiffeners, and so on. Thus,

n= 1

+@+% : - -%? ‘“” ““-”’””””””A :-
2 M, 6. ..
3 k, 5“ ““”’ “o

—.

= o (A7)

10——
21

“o

I#y 6—— —.
8k, 5 +(”’+%?) * ““” -

I&_—
8k,

20——
9

4
iii

(1

@37—-
8k.

10-——-
21

@3-t’——
8k, +@’+%)

30
ii

20——
9.

0 0

‘n=2

2
.Zi ,.

-4 .-
E -:“:

@3-Y‘--——
8ks

d%——
“- w’.+(”’++)

2
3“””-

o

=0 (As)
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5

&u3
12
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8

30
IT

4
E
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8k,
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10.——
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20——
9

0

6
E’

“-“O o “-
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,

+i”’+%9
2
3

4.
K

0

6—.
5

0
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0’

0
6——
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@3Y——
8k,

.
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~
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9

0
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o

6——
5

6——
5 +(”’’+%?

0

10——
21

0

0

In addition to salisf~ing equation (A5) for given ~aiues of
the curvature parameter Z and the relat ive-stifhess pm-un-
eter 71 ii. must be minimized with respect to the wave-
length parameter P. Thus equation (~5j is solved for k.
for several values of @ until the minimum k, is obtained.
Sixth-o rcler cleterminants were used to obtain the results
given in table 1. These results are plotted in figure 1.
l’alues for .Z=O (flat plate) mere obtained from reference 6.

The calculations showed that for cylinders with two or
more ring stiffeners k, may be obtained with sufllcient.
accuracy by solving equation (~lOJ -which applies for an
infinite number of stiffeners. Equation (Ai] should be used,
however, in the case of one stiffener.

The values of the critical-shear-stress coefficient k, derived
in this appendi~ are to be used up to limiting dues vrhich
depend on the number of ring stiffeners present. These
limiting values correspond to the buckling load of a simply
supported cylinder having the same kngth as the part, of
the cylinder contained between ring stiffeners.
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